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Abstract 
This paper presents numerical solutions for the flow in the 
vicinity of a collapsing spherical bubble in water.  The bubble i s  assumed 
to contain a small amount of gas and the solutions a r e  taken beyond the 
point where the bubble reaches i ts  minimum radius up to the stage where 
a pressure  wave forms and propagates outwards into the liquid. The 
motion up to the point where the minimum radius i s  attained, i s  found by 
solving the equations of motion both in the Lagrangian and in the char- 
acterist ic  forms. These a r e  in good agreement with each other and also 
with the approximate theory of Gilmore which i s  demonstrated to be 
accurate over a wide range of Mach number. The liquid flow after the 
minimum radius has been attained i s  determined from a solution of the 
Lagrangian equations. It i s  shown that an acoustic approximation i s  
quite valid for fairly high pressures  and this fact i s  used to determine 
the peak intensity of the pressure  wave a t  a distance from the center of 
collapse. It i s  estimated in the case of typical cavitation bubbles that 
such intensities a r e  sufficient to cause cavitation damage. 
1 . Introduction 
The effect of compressibility in the collapse of a cavity in a liquid 
has been studied for some years .  Ftayleighr ' was the f i r s t  to point out 
that this was necessary when he showed that pressures  in the liquid 
adjacent to the cavity wall could reach very high values. However,a real  
interest  in the problem originated some time l a te r ,  out of work on under- 
water explosions[ ] .  Analytical theories were developed by Herring [ 31 
and Trilling[41 which were  f i r s t  order  approximations based on 
Rayleigh's solution' ' for an incompressible liquid. To obtain higher 
order  approximations the so- called Kirkwood-Bethe hypothesis [21a 151 
was postulated. The Kirkwood-Bethe hypothesis forms the basis  of a 
solution by Gilmore[61 which has been used in a modified fo rm by 
Mellen' '11 and by FlynnL8].  Gilmore's solution has been found to be 
surprisingly accurate when compared to exact solutions obtained numerical- 
ly, and this behavior i s  again confirmed by our resul ts .  
With the advent of high-speed computers numerical solutions of 
the exact equations of compressible flow became possible, and several  
integrations of the characteris t ic  equations have been performed. 
G i l m ~ r e ' ~ ]  obtained some resul ts  which he used to compare with his 
approximate theory, while Hunter [ performed some numerical work 
which acted a s  a basis  for a similarity solution valid in the immediate 
neighborhood of the collapse point of an empty cavity. Brand ["I did 
some further  computations. So fa r  bowever, there has  been no numerical 
solution which describes the rebound of the cavity and the subsequent 
formation of a shock wave traveling outwards into the liquid. The work 
of this paper i s  concerned with such a solution. 
Classically the problem to be solved i s  that of the empty cavity. 
This i s  usually quite a good model since the smal l  amounts of gas ,or 
vapor ,  which occur  in a typical cavitation bubble, have little effect on 
the motion of the interface until the final stage of the collapse. However, 
the contents of a cavity, even though they may be quite rar i f ied initially, 
will have a; important effect on the final p r e s s u r e ,  since the fur ther  a 
collapse can proceed before being halted the g rea te r  the p r e s s u r e .  The 
final stage of the collapse wil1,be affected by the behavior of the gas in- 
side the cavity as well a s  by the quantity. Thus an isothermal  gas  can b e  
expected to produce a m o r e  violent collapse than an  equal amount of 
adiabatic gas .  I t  i s  not our  purpose in  this paper  to consider 
the physical behavior at  the final collapse in  detail .  Such a task 
would in fact be  quite difficult. The main in t e res t  h e r e  is in the effect 
of the liquid compressibil i ty.  Thus the behavior of the contents of the 
cavity will mere ly  be approximated by a simple gas -like model. The cavity 
will beeassumed  to contain a uniform gas whose p res su re  var ies  accord-  
Y ing to the law p-  p , where p i s  the density. The index y can be 
var ied  so a s  to simulate the g ross  behavior of the gas .  Thus y = 1 
implies  that the gas  i s  i so thermal  while y > 1' implies  that some of the 
heat  of compression is being retained in the gas .  This model has  the 
advantage of avoiding the singularit ies which would occur a t  the final 
collapse point if the cavity were  empty. The sudden compression of a 
gas  o r  vapor inside a cavity can be expected to r a i s e  i t s  tempera ture ,  
and due to conduction and condensation there  will be a consequent r i s e  
in tempera ture  in  the liquid a t  the interface.  These effects will be 
confined to a ve ry  narrow regionk ' I ,  and they will therefore be neglected. 
A sudden compression of a liquid does not cause a significant inc rease  in 
temperature [ 31 , so  that i t  will be assumed to behave according to the 
n 
well-known law p cr ( p t B )  where B and n a r e  constants.  The resu l t s  
presented he re  a r e  for  water  with B equal to 3,000 atmospheres  and the 
index n equal to 7 .  The validity of these values has  been discussed 
elsewhere [ 21 ' [ I .  It  i s  a l so  assumed that the liquid i s  inviscid and 
that the motion remains  spherically symmetr ic  a t  a l l  t imes .  This 
description of a collapsing cavity i s  of course not completely accurate  in  
detail ,  but it i s  considered to be  sufficiently sat isfactory for  a study of 
the effects of liquid compression.  
Numerical solutions of the equations of compressible  flow f o r  a 
collapsing cavity in water  a r e  presented h e r e  for  both the cha iac ter i s t ic  
and the Lagrangian fo rms  of the equations. A comparison between the 
two provides a check on the numerical  accuracy.  The Lagrangian 
solution was c a r r i e d  beyond the final collapse point into the region where 
the liquid rebounds and generates  a compression wave which t rave ls  out- 
wards f rom the collapse center .  The solution was terminated when the 
compression wave had steepened into a shock front .  It could probably 
have been continued beyond this  stage by using techniques such a s  those 
proposed by von Neumann and Richtmeyer ' 41 and Lax [15] :  where an 
artificial  viscosity i s  introduced into the equations of motion to produce 
a continuous variation through the shock. However, enough information 
had already been obtained to est imate the o r d e r  of magnitude of peak in- 
tensi t ies  a t  a distance f r o m  the collapse center so that no attempt was 
made to  undertake this additional calculation. 
One of the principal purposes of this analysis wa,s to determine 
whether shocks emanating from the collapse of cavitation bubbles could 
provide a mechanism for cavitation damage. The results given here show 
that such shocks can be strong enough to cause damage to metals and 
other solids in the vicinity of the bubble. 
2.  Formulation of the Problem 
A spherical cavity containing a uniform gas i s  assumed to expand 
o r  contract in  an infinite volume of liquid. For  cavitation bubbles the 
effect of gravity i s  generally quite small,  so that i t  will be neglected 
along with other asymmetric effects. Since the motion i s  spherically 
symmetric,  i t  will be irrotational i .  e .  
--C 
curl u = 0 
-B 
where u i s  the velocity vector.  If the center of the bubble is chosen as  
-+ 
the center of a system of spherical polar coordinates, then u will have 
only a single component u lying in the radial direction. The equations 
of motion expressing the conservation of mass  and momentum for a 
spherically symmetric system a r e  
where p and p a re  the pressure  and density in the liquid, and the 
operator 
is the derivative with respect to time following the motion of the liquid. 
It i s  assumed that the liquid i s  isentropic[21 and that the density and 
pressure  a r e  related by an equation of state of the form 
where p and p, a r e  the p ressure  and density in the liquid a t  infinity. 
CC 
F o r  water the constant B i s  given a value of 3,000 atmospheres while 
the index n has the value 7. The use of this equation has been justified 
by several  authors ' 21 a [ and i s  based on the fact  that entropy changes 
a r e  small even when very  large pressure  jumps a r e  present.  The upper 
limit on the accuracy of the formula appears to be for p ressures  of about 
5 10 atmospheres. The velocity of sound c in the liquid i s  defined by 
1 
-
2 The velocity of sound a t  infinity i s  therefore given by c = [ n(pm+~)/p , ]  . 00 
The equations of motion given above a r e  in the Eulerian form 
which describes what i s  happening a t  a particular point in space and how 
it var ies  with time. However, i t  i s  preferable he re  to use the Eagrangian 
form where the properties of the fluid ar.e obtained by folloWing the par-  
ticle motion. To do this, i t  i s  necessary to ascribe to each particle of fluid 
a value of a certain parameter ,  y ,  which i s  defined by the expression 
Hence 
With this relation, Eq.(4) be comes 
but, since Eq. (7)is a solution of this equation, the two conditions a r e  
equivalent. 
On the walls of the cavity the pressure  i s  given by the relation 
where p i s  the initial p ressure  inside the cavity pr ior  to collapse and 
0 
Ro is the initial radius of the cavity. Capital le t te rs  a r e  used to denote 
the values of variables a t  the cavity wall. Thus R i s  the radius of the 
cavity and U i t s  velocity. At infinity the liquid i s  a t  r e s t  and the pres-  
su re  and density have the values poo and p All that now remains be- 
0s' 
fore solving the equations i s  to specify the p ressure  and velocity in the 
liquid a t  some initial instant. Fo r  a cavity in  an incompressible liquid, 
i t  i s  usual to suppose that the liquid i s  initially a t  r e s t  and a t  a uniform 
pressure  p and that the collapse i s  generated by a pressure  discon- 
OL 
tinuity at the cavity wall i. e .  pm > po. The instant this p ressure  dis - 
continuity i s  allowed to take effect, i t  i s  felt throughout the ent ire  volume 
of the liquid because of the incompressibility. The cavity wall then s t a r t s  
to accelerate inward f rom res t .  Fo r  a compressible liquid there would 
be an initial jump in velocity during an infinitesimal period of time. 
Gilmore [ has shown that this instantaneous increase in velocity i s  
8 
given by the relation 
2 u = -  
o (n- I )  (co-crn) (1 0) 
1 
where c = [ ~ I ( ~ ~ + B ) /  po]'. The maximum value of pz used he re  i s  0 
10 atmospheres, so that for water ,  such a jump in velocity will always 
be quite small  compared to sonic velocities. In fact, during the early 
stages of the collapse, the solution will be indistinguishable from that for 
the incompressible liquid. Because of their simplicity the same initial 
conditions will be used in the present  analysis and, even though i t  i s  not 
really necessary,  the effect of the initial jump in velocity will be in- 
cluded. The possibility of the formation of an initial compression wave 
in the gas o r  vapor inside the cavity i s  neglected. The initial conditions 
a r e  somewhat artificial and there  i s  not much to be gained here  in follow- 
ing up such an implication. 
A method widely used in the solution of the equations of compres- 
sible flow i s  the method of characteris t ics .  The characteris t ic  equations 
fo r  spherically symmetric  flow a r e  
and 
au ap ~ C U  at = . 
V ' P V  r a p  
The las t  two equations a r e  not very suitable for finite difference work 
i 
since p var ies  quite slowly in  the liquid. Since dp=bplc , the 
alternative forms 
a r e  used. Equations (1 1) and (1 2) define the sys t em of character is t ic  l ines 
a, and p where a, i s  the outward-going charac ter i s t ic  and P the in- 
ward  going. The bubble wall motion i s  defined by the variable  ! and 
i s  determined f r o m  the expressions 
and 
Related to the method of charac ter i s t ics  i s  the approximate theory 
of ~ i l r n o r e ' ' ]  which i s  based on the so-cal led Kirkwood-Bethe assump-  
tion' 21. This s ta tes  that the quantity r is a constant along 
an outward going charac ter i s t ic ,  where 
i s  the enthalpy difference between the liquid a t  p r e s s u r e  p and a t  p r e s -  
s u r e  p under isentropic  conditions. This assumption can be express-  
'x 
ed  in  the f o r m  of an equation containing the part ic le  derivative a s  defined 
i n  Eq. (4). Since the cavity wall moves with the liquid, and since this 
motion can be expressed  purely a s  a function of t ime,  such particle 
derivatives can be changed into ord inary  derivatives with respect  to t ime 
and the equation will become 
which governs the motion of the cavity wall. Given the init ial  values on the 
boundary, a second ordinary differential equation gives the liquid con- 
ditions along an  outward- going charac ter i s t ic  line: 
This i s  solved in  conjunction with the Kirkwood-Bethe assumption and 
Eqs,  ( l l ) and ( l7 ) .  
F o r  most  problems of interest  in bubble collapse i t  can be 
assumed that I H ( < < c ' .  With water for example, this inequality 
corresponds to a pressure  difference ( po-pm 1 < < 20,000 atmos.  Using 
this assumption, ~ i l m o r e " ]  was able to derive a simple relation be- 
tween the bubble wall velocity and the radius, for the case of an empty 
cavity. This relation i s  
1 
-
It i s  seen that a s  R tends to zero,  U var ies  a s  R ' ~ ,  in contrast to 
- 312 
incompressible theoryL ' which gives U varying a s  R . 
The variables used in  the above equations were non-dimensional- 
ized with respect to the initial radius Roy the density pw, and velocity 
of sound coo in the following way: 
It will be supposed that all  the variables and constants used above have 
already been non-dimensionalized in this way, and the pr imes  suppres- 
sed. The equations of motion will remain unaltered by this change, but 
the liquid equation of state Eq. ( 5)becomes i 
and the pressure  at  the bubble.wal1 given by Eq. (9)becomes 
Equations (1 0)and (1 7)are modified by setting cm= 1 . 
It will be seen from this non-dirnensionalization that the solutions 
a r e  actually independent of the initial radius Ro, i. e .  , that the same 
pressures  and velocities a r e  obtained regardless of the scale. (The 
elapsed time i s  of course proportional to Ro). This i s  due to the fact 
that compressible flow equations contain only f i rs t  order derivatives. 
If effects such a s  heat-conduction, viscosity and surface tension were 
included, the solutions would become dependent on Roy the dependence 
becoming stronger with a decrease in  R . 
0 
Solutions to the problem of bubble collapse were obtained by 
means of a high-speed computer, using the three methods given above. 
F i r s t  of all Gilmore 's  method was used to establish an approximate 
solution for the motion of the cavity wall. The initial conditions given 
above were applied, together with the initial value of the velocity given 
by Eq. (1 0). The validity of this solution was checked in relation to simple 
incompressible flow theory1 for the early stages of the motion. Some 
exploratory calculations were then carr ied  out using the method of 
characteristics in the region where the Mach number U/C at  the cavity 
wall was of the order  of 0.1. These results were compared, both on the 
wall and in the interior s f  the liquid, with results obtained by Gilrnore 's  
method, and i t  was established that the method was quite accurate in 
this region. This resul t  was of course to be expected since i t  can be 
shown [61  that G i lmore i s  theory i s  accurate  to t e r m s  a t  l eas t  of the o r d e r  
of (u/c)'. Thereaf te r ,  G i lmore i s  method was used to provide initial 
values in the subsonic (U/C " 0 .  1 ) region for  the solution of the 
Lagrangian and the charac ter i s t ic  equations. Such a procedure was 
necessary  because of the l a rge  amount of computing t ime required to 
per form a n  exact solution s tar t ing f r o m  the initial s tages of the motion. 
The Lagrangian and the charac ter i s t ic  solutions were  c a r r i e d  to the final 
collapse point and, since they a r e  both supposed to be exact ,  they pro-  
vided a check on the numerical  accuracy up to this stage. Comparisons 
were  made for  points on the cavity wall and in i t s  vicinity, and the 
discrepancies which occur red  were  est imated to be at mos t  about one 
p e r  cent. The Lagrangian solution was then c a r r i e d  on into the region of 
rebound up to the point where a shock wave formed.  ~ b l u t i o n s  were  ob- 
tained for a var ie ty  of conditions such a s  might occur  in cavitation. The 
values used fo r  the ambient p r e s s u r e  p in the liquid were  1 a tmosphere ,  
CC 
and 10 a tmospheres .  The initial p res su re  p in the gas was var ied  
0 
- 1 -4 f rom 10 atmospheres  to 10 a tmospheres ,  while the index y fo r  the 
gas had the values 1 and 1 .4 .  The problems were  programmed for  an 
IBM 7090 and the numerical  methods a r e  descr ibed in the a6pendices. 
3. Calculated Results 
The f i r s t  s e t  of calculations were  concerned with the motion of 
the bubble wall and with the g r o s s  effect of the gas  content of the bubble. 
F igures  1 - 3 show the variat ion of the bubble wall Mach number with 
the radius under a variety of conditions. The amount of gas  i s  determined 
by the initial pressure  p and the behavior of the gas i s  varied by 
0 ' 
changing the index y. Figure 1 shows the collapse of a bubble for  
different initial pressures  p with y = 1.4,  acting under an external 
0 
pressure  p of 1 atmosphere. It i s  seen that a s  the amount of gas 
00 
diminishes, the motion of the bubble wall becomes more  and more rapid 
during the final stages of the collapse. In the case of the empty cavity, 
the velocity increases without limit a s  the bubble grows smaller .  The 
exact solutions a r e  compared with solutions derived from Gilmore's 
theory and from the theory of an empty cavity in an incompressible 
liquid. It i s  seen that the compressibility becomes very important 
during the final stages of the motion. Figure 2 shows the result  of in- 
creasing the external pressure p f rom 1 atmosphere to 10 atmos- 
cO 
pheres. A comparison with Fig. 3 shows that such an increase does not 
affect the collapse so much as a change in Y f rom 1 . 4  to 1. Thus a 
gas which behaves isothermally should in general produce a more  violent 
collapse than an adiabatic gas reacting under a high external pressure .  
In all  these results ,  i t  i s  evident that the predictions of Gilmore's theory, 
based on the Kirkwood-Bethe assumption, continue to be surprisingly 
accurate.  
Fo r  the empty cavity under 1 atmosphere external pressure ,  the 
bubble wall velocity tends to infinity as (Ro/R) 0.785 . The value of the 
index was found to be the same when pa was 10 atmospheres. This 
result  i s  in good agreement with a s imilar  estimate by Hunter[Io1. By 
0.5 
comparison, Gilmore's theory predicts a rate varying as (R /R)  , 0 
1 .5  
while the incompressible theory gives (Ro/R) . 
The remaining results a r e  concerned with the flow in the liquid 
around the collapsing bubble and were  obtained for the two cases ,  
Po = 10-3 and atmospheres,  with y = 1 .4  and an external p res -  
sure  of 1 atmosphere. In both these cases the liquid rebounds and 
forms a compression wave which moves outwards and steepens into a 
shock front. The occurrence of the shock front causes the numerical 
solution to become unstable so that the results a r e  only presented up-to 
this point. Methods a r e  available [ l4 y [ for overcoming this instabil- 
i ty,  and proceeding with the solution. But this continuation would have 
involved an additional program of computation and, since i t  i s  not really 
necessary for  the purposes of this paper,  i t  was not pursued, Figure 4 - 
7 show the distributions of Mach number and pressure  in the liquid. 
These a r e  given for successive instants in time which i s  expressed in  
t e r m s  of 7 ,  the time required for the bubble to collapse f rom the initial 
radius Ro to the final minimum radius. The formula used to determine 
4 
the time scale i s  ( T  - t)10 / 7 where t i s  the time elapsed f rom the 
s t a r t  of the motion. The collapse time T was determined accurately 
f rom the numerical solutions. It can also be estimated by use of the 
incompressible theory for a n  empty cavity in  an incompressible liquid. 
The incompressible relation gives 
Est imates f rom this agree  to within l e s s  than 1% with values obtained in 
the calculated examples. 
Figures 5(b) and 7(b) show the pressure  wave forming and travel- 
ing outwards into the liquid. Because of the compressiblity, the change 
in  the direction of motion of the interface i s  communicateb to the liquid 
only by the passage of the pressure  wave, and hence a reversal  of flow 
occurs through i t ,  a s  shown in Figs. 4 and 6 .  The shock wave fo rms  
- 4  fair ly rapidly when the initial pressure  i s  10 atmospheres,  because 
the final collapse pressures  a r e  high. In the case where the initial p res -  
- 3 
sure  i s  10 atmospheres, the pressure  front does not steepen so quickly. 
- 2 When po = -10 atmospheres, the final pressure  a t  the cavity wall is 
3 
seen, f rom Fig. 1 ,  to be about 10 atmospheres. Fo r  liquid pressures  
of this magnitude, the compression wave will steepen only very slowly 
and the ra te  with which i t  steepens i s  reduced a s  i t  moves outwards, be- 
cause of geometric attenuation. F o r  such cases  the compression will 
behave like an  acoustic wave, which does not a l ter  much in  form a s  i t  
propagates. F o r  l a rge r  amounts of gas inside the bubble, the intensity 
of the compression will diminish even further  until only a very weak 
pulse emanates f rom the collapse. 
Figure 5(b) shows that the acoustic approximation i s  reasonably 
valid even in the case where a shock front develops. The pressure  front 
gradually steepens, but the wave remains of approximately the same 
thickness and fo rm and attenuates a s  l / r  a s  i t  propagates outwards 
f rom the collapse center.  The l a s t  stage of the calculations shows that 
the peak p ressure  in the wave i s  about 1,000 atmospheres at R/Ro 0. 3. 
Beyond this point not much change will occur due to dispersion, and the 
P I  losses  due to entropy changes through the shock will be negligible . 
Hence the p ressure  pulse will propagate outwards like an acoustic wave, 
and at R/Ro -- 2 the peak intensity will be of the order  of two hundred 
atmospheres. F o r  smal ler  amounts of gas,  the peak pressures  will be 
l a rge r  although they a r e  a little more  susceptible to the effects of 
dispersion. Figure 7(b),  fo r  example,  shows that the peak p r e s s u r e  s t i l l  
has  an  approximate 1 / r  dependence giving an intensity of the o r d e r  of 
1 , 0 0 0  atmospheres when R/R " 2. A much s t ronger  effect,  however ,  
0 
would resul t  if the gas  inside the bubble were  to lose sQme of i t s  heat  of 
compression.  F igures  1 and 3 show that if the gas is i so thermal ,  i t  
collapses to a much sma l l e r  radius fo r  the same  initial amount of gas -  
when compared to the adiabatic condition. It has  been shown [ ''] fo r  
values of R < 1 mrn, that heat  l o s ses  f r o m  the gas into the liquid a r e  
0 
quite significant. F o r  bubbles of this  s ize therefore ,  a m o r e  violent 
collapse would occur ,  and p r e s s u r e  wave intensit ies of seve ra l  thousand 
atmospheres  could be expected. 
4. Application of Results to  the Theory of Cavitation Damage 
A well-known consequence of the formation of cavitation bubbles 
in a liquid is  the damage which can occur  to  adjacent solid sur faces .  
Such damage has  been shown 1171 to be  largely mechanical i n  origin,  a l -  
though the prec ise  mechanism i s  a s  yet undecided. It has  been suggested 
fo r  example that the damage is caused by bubbles adhering to the solid 
and collapsing asymmetr ical ly  in  such a way that jets of liquid f o r m  and 
s t r ike  the sur face  at high speed. There  i s  some indicatiol?' ' that 
such a mechanism might operate .  The resul ts  of the present  paper 
show that damage could certainly resu l t  f rom pressu re  waves originating 
f rom bubbles situated at a shor t  distance f rom the sur face .  This would 
avoid the requirement  that the destructive bubbles be only those which 
a r e  adhering to the sur face .  
Compared to usual  kinds of mater ia l  damage, cavitation damage 
t 
- 2 ,  is very  localized. Cavitation bubbles a r e  usually of the o r d e r  of 10 c m ,  
in size i. e .  of the order  of the grain size in a typical metal.  Hence the 
attack from the cavitation bubbles will be directed towards the individual 
grains rather  than towards a large group of them. This would imply that 
cavitation s t resses  only need to be of the o rder  of the yield s t resses  of 
the individual crystals .  In addition the fact that the damage usually 
results aftei. an exposure to cavitation of a certain duration, indicates 
the existence of some kind of fatigue process.  The cold working which 
has been observed [ I7 '  during the early stages of the exposure lends sup- 
port to this conclusion. It can be estimated therefore that pressures  of 
the order  of two o r  three thousand atmospheres should be sufficient to 
cause most  of the kinds of cavitation damage which have been observed. 
It i s  possible of course that local s t r e s s  concentrations may occur due to 
i r regular i t ies  in  surface finish and grain s tructure and hence the original 
pressures  need not be a s  high a s  this.  Howeveryfor present purposes it 
i s  not really necessary to consider such possibilities. 
The resul ts  discussed in the previous section indicate that pres-  
su re  waves of the right o rder  of intensity can occur from collapsing 
cavitation bubbles. Such bubbles usually contain only very small amounts 
of vapor and gas,  and a r e  usually l e ss  than 1 mm.  in size prior  to collapse. 
Hence the collapse process should be violent enough to produce pressure  
waves of the right intensity. This estimate i s  based on the assumption 
of a spherically symmetric  collapse. Both the presence of the boundary 
and possible instability effects [ 19]  during the final stages of the motion 
can upset this symmetry and presumably reduce the intensity of the 
resulting p ressure  waves. It i s  believed that the results for  
the spherical motion give a sufficiently good indication of the order  of 
magnitude of the p ressures  which can occur in practice. 
APPENDIX I - THE KIRKWOOD-BETHE SOLUTION 
F r o m  the theory given in  Section 2, the governing equation in  non- 
dimensionalized f o r m  for  the motion of the cavity wall a r e :  
together wi th  the init ial  conditions a t  t = 0,  
(I-. 1 ) 
These equations were  solved a t  intervals  At by a simple s tep by s tep 
i terat ive procedure s tar t ing f r o m  the initial values Eq.(I .  6). A f i r s t  
es t imate of U a t  t = At was obtained by substituting the initial values 
into E q . ( I .  1). This was averaged with the initial value of U and used in 
Eq.  (I .  2)to obtain a f i r s t  es t imate  of R a t  t = Lt. The v,alues of R were  
then averaged in the same  way a s  the values of U and used in Eqs .(I. 4) 
and(I.5)to get correspondingly averaged values of P and C. The a v e r -  
aged values obtained so  f a r  were  then used in Eq. (I. 3)to ybtain an  
averaged form of dH/dt and a f irst  estimate of H at t = At. This pro- 
cedure was repeated step by step for each interval At. In approaching 
the collapse point, the variation with time becomes quite rapid, and it i s  
necessary to keep reducing the interval At in order  to preserve accuracy. 
This was done by repeatedly carrying the solution up to the point where 
U becomes positive, then returning to a suitable ear l ier  point and repeat- 
ing the last stages of the calculation for a new interval &/ 5, where Llt 
was the previous interval. 
The solution for the motion of the cavity wall provides the initial 
values for the following set  of equations, which can be solved along an 
out- going characteristic in the interior of the liquid, 
(I. 10) 
The constant Y i s  derived from the initial conditions and is given by 
Y = R(H~-u2 12) (I. 11 ) 
where R, H ,  U a r e  values on the cavity wall. This set of equations was 
solved in the manner already described. 
APPENDIX I1 - THE SOLUTION O F  THE 
CHARACTERISTIC EQUATIONS 
The non-dimensionalized equations for  the charac ter i s t ic  solution 
a r e  
au 1 ap ~ C U  ~t = 
- -F P C  W r a p  
with 
n p = n(n+B) (11. 5) 
(n- 1) 12n 
c = [ ~ ( P + B ) ]  (11. 6) 
The method used to solve this  sys t em is the one used by Gilmore'  and 
l a t e r  by Brand [ I .  The initial points l ie  along an out-going charac ter i s t ic  
line a, with the analytic continuation being provided a t  the intersection 
with the boundary by the conditions 
This is somewhat shor t e r  than the method used by Hunter 
D o 1  
who took 
the initial values to l ie  along a line t = const., In the present  calcula- 
tions, the initial values were  provided by Gilmore 's  method; 
The Eqs .(II. 1 - II.4)and(II.7)( II .8)were expressed in finite dif- 
ference form and applied according to the scheme shown in  Fig. 8.  The 
initial line of points along an out-going characteris t ic  a r e  designated by 
the let ter  i. The point ( i ,  j) represents  the jth point on this line s tar t -  
ing f rom the point on the boundary. The continuation i s  provided a t  the 
boundary a t  the intersection of the inward-going characteris t ic  through 
( i ,  2) with the boundary. This yields the new point (i t 1, 1) .  The out- 
ward-going characteris t ic  through this new point and the inward-going 
characteris t ic  through the point ( i ,  3) intersect  a t  the next new point 
i t 1, 2 .  By repeating this process ,  one obtains all the new points on 
theline ( i t l ) .  It i s  seen that the total number of these points i s  dimin- 
ished by 1 compared with the line i .  The kind of averaging technique 
described in the previous appendix was also used he re  to improve the 
accuracy. 
The fact that one point was lost  at  each step of the solution proved 
to be a problem, because i t  was difficult to decide how many points would 
be needed to c a r r y  the solution to the final stages of the collapse. This 
was remedied by adding one point a t  each step using Gilmore 's  method. 
This was always done when the Mach number was small  so  that the new 
point could be considered to have an accuracy corresponding to the other 
points on the characteris t ic  line. As the solution approached the last  
s tages of the collapse, the outward-going characteristics began to extend 
into the region of rebound i. e .  into the region t > T where T is the 
time of collapse. The main criterion for this was the time when the 
velocity began to turn positive a t  the end of the line of points. Whenever 
this occurred,  the affected points were discarded. In this way only the 
points needed to give a solution up to the final s tages of collapse were  
preserved.  
The number of points used was a l so  determined by the motion of 
the bubble wall. When the collapse becomes m o r e  rapid,  m o r e  points 
a r e  needed to ensure  the proper  accuracy.  As a check the f i r s t  and 
final es t imates  of the velocity and p res su re  were  compared a t  each s tep  
and, i f  these differed by a cer tain percentage, then an interpolation auto 
matically occur red  which doubled the total number of points. The ad- 
ditional points were  situated a t  the half intervals .  
The techniques descr ibed h e r e  were  tested for  a variety of 
examples,  and the accuracy of the resul ts  presented i s  considered to be 
quite satisfactory. The calculations were  performed on an IBM 7090 
and each example took about ten minutes.  
APPENDIX I11 - SOLUTION O F  THE LAGRANGIAN EQUATIONS 
The governing equations for the Lagrangian form of the solution 
a r e ,  
with 
This se t  of equations i s  sufficient to determine the variables. Equation 
(111.1) can be used to find p ,  whence Eq. (III.4)yields p. However this 
i s  not a very satisfactory process, since p varies comparatively slowly 
and i s  not very suitable as  a running variable. Hence instead of ~ q . (  111. 1) 
the following relation was used, 
In addition the pressure on the boundary was given by 
The above set of equations were expressed as finite differences. 
The variables were situated at different points in the finite difference 
lattice so that the derivatives could be expressed in a different form 
accurate to second o rde r .  The arrangement used i s  shown in Fig. 9. 
The velocity u was evaluated at  the points ( i ,  j t ) ,  the p ressure  p 
at the points (i  + , j) , and the radial distance r at  the points 
(i  + 4, j + i), where i ,  j a r e  the coordinates of a typical point of the 
lattice. At the boundary the velocity increment was found using a three 
point difference formula for  the derivative ap/ ay. An iteration scheme 
using averaged values was employed, in a manner s imi lar  to that des-  
cribed in the previous appendices. 
The initial points were  obtained using Gilmore ' s  theory. Given 
a se t  of points describing the motion of the bubble wall, solutions a r e  
found along the outward-going character is t ics  starting f rom each of the 
given points and finishing on a certain line t = const. The points along 
this line then provide the initial points for  the calculation. The incre-  
ment in y between each of the points is found f rom Eq.(III, 1) .  
Because of the purposes of the calculation, the computations had 
to be performed over  a fair ly extensive range of y. However, the need 
for accuracy decreases  in moving away f rom the bubble wall, and the 
spacing of the points can be reduced correspondingly. This i s  already 
achieved to some extent by the initial points since their  spacing with 
respect to y var ies  roughly a s  rZ. Finer  accuracy i s  required 
near  the boundary when the collapse becomes more  rapid. Hence a 
scheme of interpolation was embarked on, s imi lar  to that described in 
Appendix I1 for the method of character is t ics .  When the differences be- 
tween f i r s t  and second est imates a t  the boundary become grea te r  than a 
certain per centage, interpolations a r e  made between the f i r s t  
i 
twenty-five points closest to the boundary. The total number of points 
i s  thereby increased with each interpolation. In o rder  to prevent the loss 
a t  each step in' t ime of the point farthest f rom the bubble wall, an extrap- 
olation i s  made assuming the liquid to be incompressible. This assumption 
i s  justified because the magnitude of the velocity and pressure  in this 
region i s  sm'all. The increment in time was determined from the well- 
known Courant-Levy condition on the relation between sound speed and 
mesh speed. 
The solutions were carr ied  up to the final collapse point and 
beyond into the region of rebound, where a compression wave forms and 
moves outwards, eventually turning into a shock front. Beyond this stage 
the solution could presumably have been carr ied  on using methods such 
a s  those of von Neumann and Richtmeyer [I4] o r  Lax [ I 5 ]  where an  
artificial viscosity t e rm  i s  introduced into the equations of motion to 
create a smooth transition in flow through the shock. By this means the 
motion of the shock could have been followed a s  it moved out into the 
liquid. This was not attempted here ,  however, because i t  was felt that 
enough information had already been obtained to make an o rder  of 
magnitude estimate of shock strengths a t  a distance from the center of 
collapse; to have followed the solution to any extent in this way would 
- - 
have involved an elaborate reconstruction of the numerical procedures 
together with an extensive se r i es  of tes t  calculations. 
Up to the final collapse point the Lagrangian solution could be 
compared to that obtained from the method of characteris t ics .  Good 
agreement was found once both programs had been developed and tested. 
Fo r  example in the results presented he re  the final collapse radii agree 
to within less  than 1%. Other comparisons showed a similar order  of 
agreement. After the final collapse point, the Lagrangian solution 
showed good agreement with physical considerations. The cres t  of the 
compression wave moved with the local speed of sound, and the attenua- 
tion under conditions where dispersive effects were not strong varied 
approximately in inverse proportion to the distance from the cente-r of 
collapse . 
The calculation time for each of the examples given here was 
about twenty minutes. 
2 
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Fig. 1 The bubble wall Mach number as  a function of the 
bubble radius for decreasing gas content. The g a s  
content i s  determined by i ts  initial pressure po 
in atmospheres. The index y has the value 1 .4  
and the ambient pressure p i s  one atmosphere. 
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Fig. 2 The bubble wall Mach number as  a function of the 
bubble radius for decreasing gas content. The 
index y has the value 1 .4  and the ambient pressure 
p * i s  10 atmospheres. 
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Fig. 3 The bubble wall Mach number as  a function of the 
bubble radius for decreasing gas content. The 
index y has the value 1.0 and the ambient pressure 
p00 i s  1 atmosphere. 
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Fig. 4 Variation of Mach number with distance from the 
bubble wall for different instants in time during the 
collapse and rebound of the bubble. The initial 
internal pressure  p in the gas i s  1 o - ~  atmospheres. 
0 The ambient pressure  poo i s  1 atmosphere. 
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Fig. 5(a) Variation of pressure  with distance from the 
bubble wall for different instants in time dur- 
ing the collapse of the bubble. The conditions 
correspond to those of Fig. 4. 
y =  1.4 
I 6' I 
r/RO, RADIAL COORDINATE 
Fig. 5(b) Variation of pressure  with distance from the 
bubble wall for different instants in time during 
the rebound of the bubble. 
Fig. 6 Variation of Mach number with distance from the 
bubble wall for different instants in time during 
the collapse and rebound of the bubble. The initial 
pressure Po in the gas is  1 o - ~  atmospheres. The 
ambient pressure i s  1 atmosphere. 
r /  Ro, RADIAL COORDINATE 
Fig .  7(a) Variation of pressure  with distance from the 
bubble wall for different instants in time dur- 
ing the collapse of the bubble. The conditions 
correspond to those of Fig. 6. 
r/ Ro, RADIAL COORDINATE 
Fig. 7(b) Variation of pressure  with distance from the 
bubble wall for different instants in time dur- 
ing the rebound of the bubble. 
R , RADIAL COORDINATE 
Fig. 8 Finite difference mesh in R - t plane for solution 
by method of characteristics. 
L 
y INCREASING 
Fig. 9 Finite difference mesh in R - t plane for solution of 
Lagrangian equations. 
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